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An integral representation of the Mittag-Leffler function✩
Saenko V. V.
Ulyanovsk State University, Leo Tolstoy str., 42, Ulyanovsk, Russia
Abstract
The integral representation for the two-parameter Mittag-Leffler function is obtained in the article. This
integral representation expresses the function value in terms of the loop integral. Conditions for the contour
of integration are determined. Besides, conditions are presented under which the representation is true. It is
also shown that the Mittag-Leffler function integral representation existing and widely used at the moment is
incorrect. The article gives detailed description of the error, and cases for which this integral representation
is correct.
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1. Introduction
The Mittag-Leffler function is the entire function defined by the power seriesEρ(z) =
∑
∞
n=0
zn
Γ(1+n/ρ) , ρ >
0, z ∈ C. The function was introduced by Mittag-Leffler in 1902 in the context of his developing of the
method for summation of diverging series. The important generalization of this function
Eρ,µ(z) =
∞∑
n=0
zn
Γ(µ+ n/ρ)
, ρ > 0, µ ∈ C, z ∈ C (1)
was obtained by A. Wiman in 1905 [1, 2] and was developed in the research papers [3, 4, 5].
The Mittag-Leffler function has aroused interest primarily because of using this function for solving
differential equations express in terms of fractional order derivatives, for describing anomalous diffusion
processes [6, 7, 8], and also because of using this function in probability calculus and mathematical statistics
[9, 10], and in many other fields dealing with differential equations of fractional order derivatives. Therefore
the analytical properties of the Mittag-Leffler function were studied with great attention. General properties
of the Mittag-Leffler function are described in the book [11]. A more detailed study of analytical and
asymptotic properties of the Mittag-Leffler function was undertaken in the book [12]. In this book the
integral representation of the Mittag-Leffler function expressed in terms of the loop integral was obtained.
Later this integral representation was used in the article [13]. The authors proceed from integrating on
complex variable to integrating on real variable and obtained integral representations expressing the Mittag-
Leffler function in terms of improper and definite integrals. One can find more detailed information on the
Mittag-Leffler function and its properties in the review article [14] and treatises [15, 16, 17, 18]. Despite
the fact that the Mittag-Leffler function properties have been studied with great attention, there appeared
to be rather an important gap in this issue. In particular, the integral representation obtained in the book
[12], turned out to be incorrect.
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Figure 1: The contour of integration γζ . The domain satisfying the condition (2) is painted grey
Detailed study of the corresponding lemma (see lemma 3.2.1 in [12]) revealed a mistake in the proof.
A more extensive description of the issue is given below. Unfortunately, the error has not been noticed by
now, which caused a series of papers using this incorrect integral representation [19, 13, 17]. The situation
makes it necessary to reconsider the problem of the Mittag-Leffler function integral representation and to
obtain the correct integral representation.
2. Integral representation of the Mittag-Leffler function
Integral representation for the two-parameter Mittag-Leffler function is determined by the theorem be-
low. In the proving of the theorem an integral representation for the gamma function, determined by the
corollary 1 will be used. This integral representation allows to connect the contour of integration in the
integral representation of the Eρ,µ(z) function with the value of arg z. To prove the theorem below we will
use the approach to the proof of the corresponding lemma which was described in the book [12]. Thus, the
following theorem is true for the function Eρ,µ(z).
Theorem 1. For any real-valued ρ, δ1ρ, δ2ρ, ǫ such that ρ > 1/2,
π
2ρ < δ1ρ 6 min(π, π/ρ),
π
2ρ < δ2ρ 6
min(π, π/ρ), ǫ > 0, any µ ∈ C and any z ∈ C such that
π
2ρ
− δ2ρ + π < arg z < −
π
2ρ
+ δ1ρ + π (2)
the Mittag-Leffler function can be represented as
Eρ,µ(z) =
ρ
2πi
∫
γζ
exp {(zζ)ρ} (zζ)ρ(1−µ)
ζ − 1
dζ. (3)
Where the contour of integration γζ have the form (fig. 1)
γζ =


S1 = {ζ : arg ζ = −δ1ρ − π, |ζ| > 1 + ǫ},
Cǫ = {ζ : −δ1ρ − π 6 arg ζ 6 δ2ρ − π, |ζ| = 1 + ǫ},
S2 = {ζ : arg ζ = δ2ρ − π, |ζ| > 1 + ǫ}.
(4)
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Proof of the theorem. Let us use the Corollary 1. We perform in (A.4) the substitution of integration
variable τ = uρ and consider first the way the contour of integration is being transformed γλ(δ1, δ2, ψλ). As
a result, we obtain
u = τ1/ρ = |τ |1/ρ exp{i(1/ρ) arg τ} ⇒ |u| = |τ |1/ρ, arg u = (1/ρ) arg τ. (5)
In the complex plane τ the δ1 angle admitted region is defined by the π/2 < δ1 6 π angular domain of
opening angle π/2. Using (5) we obtain that this angular domain is mapped onto the angular domain
π/(2ρ) < δ1ρ 6 π/ρ in the plane u of opening angle π/(2ρ), with δ1ρ = δ1/ρ. As we can see under
1/2 < ρ < 1 the opening angle of this angular domain is more than π/2. Therefore we limit the δ1ρ angle
admitted region so that the right border does not go beyond π. As a result, we have π/(2ρ) < δ1ρ 6 π
under ρ < 1. Under ρ > 1 opening angle is less than π/2, and therefore the right border of the sector for
any ρ > 1 will be less than π. Combining these two cases, we obtain
π/(2ρ) < δ1ρ 6 min(π, π/ρ).
Likewise, for the angle δ2 the condition π/2 < δ2 6 π is transposed into the condition π/(2ρ) < δ2ρ 6
min(π, π/ρ). It is important, that if the maximum values of the angles δ1ρ and δ2ρ were not limited to the
value of π, the sum δ1ρ + δ2ρ would go beyond 2π. As a result, rays S1 or S2 of the contour of integration
can traverse the complex plane crosscut and transgress to a different sheet of Riemann surface. This makes
the sense of this limitation clear: such limitation of the values of δ1ρ and δ2ρ allows us to stay on the same
sheet of Riemann surface.
Using (5) we obtain, that the ray S1 of the contour γλ(δ1, δ2, ψλ) (see (A.5)) is mapped onto the ray
S1ρ = {u : arg u = −δ1ρ+ψρλ, |u| > ε
1/ρ/|λ|}, where ψρλ = ψλ/ρ. Likewise, the arc of circle Cε is mapped
onto the arc of circle Cερ = {u : −δ1ρ+ψρλ 6 argu 6 δ2ρ+ψρλ, |u| = ε
1/ρ/|λ|}, and the ray S2 is mapped
onto the ray S2ρ = {u : arg u = δ2ρ + ψρλ, |u| > ε
1/ρ/|λ|}. Thus, the integration contour γλ(δ1, δ2, ψλ) is
mapped onto the contour
γρ(δ1ρ, δ2ρ, ψρλ) =


S1ρ = {u : arg u = −δ1ρ + ψρλ, |u| > ε
1/ρ/|λ|},
Cερ = {u : −δ1ρ + ψρλ 6 arg u 6 δ2ρ + ψρλ, |u| = ε
1/ρ/|λ|},
S2ρ = {u : arg u = δ2ρ + ψρλ, |u| > ε
1/ρ/|λ|},
where π/(2ρ) < δ1ρ 6 min(π, π/ρ), π/(2ρ) < δ2ρ 6 min(π, π/ρ),
π
2ρ − δ2ρ −
1
ρ argλ < ψρλ < −
π
2ρ + δ1ρ −
1
ρ argλ.
Now, performing the substitution of the variable of integration t = uρ in the integral (A.4), we obtain
1
Γ(s)
=
ρλ1−s
2πi
∫
γρ(δ1,δ2,ψρλ)
eλu
ρ
uρ(1−s)−1du.
Let us now insert this formula into the Mittag-Leffler function (1) and obtain
Eρ,µ(z) =
∞∑
k=0
zk
Γ(µ+ k/ρ)
=
∞∑
k=0
zk
ρλ1−µ−
k
ρ
2πi
∫
γρ(δ1ρ,δ2ρ,ψρλ)
eλu
ρ
uρ(1−µ−
k
ρ )−1du
=
ρλ
1
ρ
2πi
∫
γρ(δ1ρ,δ2ρ,ψρλ)
e(λ
1/ρu)ρ
(
λ1/ρu
)ρ(1−µ)−1 ∞∑
k=0
( z
λ1/ρu
)k
du (6)
As ε is arbitrary, we choose it so that ε > |z|/|λ|1/ρ. This implies
sup
u∈γρ(δ1ρ,δ2ρ,ψρλ)
∣∣∣ z
λ1/ρu
∣∣∣ < 1 (7)
Using the geometric progression formula for the sum under the integral sign in (6) we obtain
∞∑
k=0
( z
λ1/ρu
)k
= lim
n→∞
n∑
k=0
( z
λ1/ρu
)k
= lim
n→∞
1−
(
z
λ1/ρu
)n
1− z
λ1/ρu
=
1
1− z
λ1/ρu
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Figure 2: The contour γρ(δ1ρ , δ2ρ, ψρλ) at argλ =
−ρpi. The angular domain satisfying the condition
(10) is painted gray
Figure 3: The contour γρ(δ1ρ, δ2ρ, ψρλ) at arg λ =
−ρpi and ψρλ = arg z. The angular domain satis-
fying the condition (13) is painted gray
Inserting the result into (6), we obtain
Eρ,µ(z) =
ρλ1/ρ
2πi
∫
γρ(δ1ρ,δ2ρ,ψρλ)
exp
{(
λ1/ρu
)ρ}(
λ1/ρu
)ρ(1−µ)−1
1− z
λ1/ρu
du (8)
We consider only the case of
π/2 < arg z < 3π/2 (9)
and choose argλ = −ρπ. Such a choice of the value of argλ means the contour rotation γρ(δ1ρ, δ2ρ, ψρλ) by
the angle −π counterwise. Indeed, as we can see it from (5), as a result of changing the variable t = uρ,
the angle of rotation corresponding argλ in the plane t is mapped into the angle 1ρ argλ on the plane u. To
rotate the contour by the angle −π in the plane u we should choose argλ = −ρπ. Thus, the contour takes
the form (see. fig. 2)
γρ(δ1ρ, δ2ρ, ψρλ) =


S1ρ = {u : arg u = −δ1ρ + ψρλ, |u| > ε
1/ρ/|λ|},
Cερ = {u : −δ1ρ + ψρλ 6 arg u 6 δ2ρ + ψρλ, |u| = ε
1/ρ/|λ|},
S2ρ = {u : arg u = δ2ρ + ψρλ, |u| > ε
1/ρ/|λ|},
where π/(2ρ) < δ1ρ 6 min(π, π/ρ), π/(2ρ) < δ2ρ 6 min(π, π/ρ) and
π
2ρ − δ2ρ + π < ψρλ < −
π
2ρ + δ1ρ + π. (10)
Thus we have rotated the contour γρ(δ1ρ, δ2ρ, ψρλ) in such a way that the angular domain (10) intersected
the angular domain (9). We can see that ψρλ can take on arbitrary values satisfying the condition (10). Let
us take an advantage of this arbitrariness and choose
ψρλ = arg z. (11)
Without reducing generality, let us choose |λ| = 1. As a result, the contour γρ(δ1ρ, δ2ρ, ψρλ) takes the form
(see. fig. 3)
γρ(δ1ρ, δ2ρ, arg z) =


S1ρ = {u : argu = −δ1ρ + arg z, |u| > ε
1/ρ},
Cερ = {u : −δ1ρ + arg z 6 argu 6 δ2ρ + arg z, |u| = ε
1/ρ},
S2ρ = {u : argu = δ2ρ + arg z, |u| > ε
1/ρ},
(12)
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where π2ρ < δ1ρ 6 min
(
π, πρ
)
, π2ρ < δ2ρ 6 min
(
π, πρ
)
,
π
2ρ − δ2ρ + π < arg z < −
π
2ρ + δ1ρ + π, (13)
And the formula (8) takes the form
Eρ,µ(z) =
ρe−iπ
2πi
∫
γρ(δ1ρ,δ2ρ,arg z)
exp
{(
ue−iπ
)ρ} (
ue−iπ
)ρ(1−µ)−1
1− zue
iπ
du, λ = e−iρπ. (14)
It should be noted that as we have chosen the value ψρλ = arg z, so this imposed the condition (13) on arg z.
Now we substitute the variable of integration u = ζzeiπ in this formula. We have
ζ =
u
z
e−iπ ⇒ |ζ| =
|u|
|z|
, arg ζ = arg u− arg z − π.
As a result of this substitution the ray S1ρ of the contour (12) will be mapped into the ray S1 = {ζ : arg ζ =
−δ1ρ − π, |ζ| > ε
1/ρ/|z|} on the plane ζ. It should be noted that under such a substitution the condition
(7) will take the form
inf
ζ∈γζ
|ζ| > 1.
It means that the value of ε is chosen so that ε1/ρ/|z| > 1. Labeling for convenience
ε1/ρ/|z| = 1 + ǫ, ǫ > 0 (15)
We obtain S1 = {ζ : arg ζ = −δ1ρ − π, |ζ| > 1 + ǫ}. Likewise, considering the mapping of the arc of the
Cερ and the ray S1ρ from the complex plane u onto the complex plane ζ we obtain that the contour (12) is
mapped into the contour
γζ =


S1 = {ζ : arg ζ = −δ1ρ − π, |ζ| > 1 + ǫ},
Cǫ = {ζ : −δ1ρ − π 6 arg ζ 6 δ2ρ − π, |ζ| = 1 + ǫ},
S2 = {ζ : arg ζ = δ2ρ − π, |ζ| > 1 + ǫ},
where π2ρ < δ1ρ 6 min
(
π, πρ
)
, π2ρ < δ2ρ 6 min
(
π, πρ
)
, π2ρ−δ2ρ+π < arg z < −
π
2ρ+δ1ρ+π. And substituting
the variable of integration in (14) we finally obtain
Eρ,µ(z) =
ρ
2πi
∫
γζ
exp {(zζ)ρ} (zζ)ρ(1−µ)
ζ − 1
dζ,
We should make a crucial caveat. The book [12] offers the proof of a lemma expressing the integral
representation of the Mittag-Leffler function (see. Lemma 3.2.1. p. 126 in [12]). Later, the paper [13]
deduces the integral representation expressing the function Eρ,µ(z) through improper integral in terms of
the real variable from this lemma. After that, these results were included into the book [17]. But Lemma
3.2.1 in [12] turned out to be incorrect, which caused incorrectness of the results of the paper [13] and
corresponding results, included in the book [17]. To gain better insight into the problem, we cite the Lemma
from the book [12]. Unfortunately, the book [12] was published only in Russian. There are no English
versions of this book, or at least the author has no information about them. However, the lemma, given
below from [12] can be found in [17] (see. part 3.4, Lemma 3.5). The Lemma given in the book and its
proof are the adapted translation of the Lemma from M. Dzhrbashyan’s book.
Lemma 1 (Lemma 3.2.1 in [12] or Lemma 3.5 in [17]). Let ρ > 1/2 and µ is any complex number.
Then at arbitrary ρ and δ, satisfying the condition
π/(2ρ) < δ 6 min(π, π/ρ)
5
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Figure 4: contour of integration γ(ε, δ) Figure 5: Contour γ(ε, δ). The solid graph is the position
of the contour γ(ε, δ) relative to the point z in case of
z ∈ G(+)(ε, δ), suggested in Lemma 3.2.1 [12], and the
dashed curve is the true position of the contour relative
to the point z
the following integral representations are true: if z ∈ G(−)(ε, δ), then
Eρ,µ(z) =
ρ
2πi
∫
γ(ε,δ)
eu
ρ
uρ(1−µ)
u− z
du;
if z ∈ G(+)(ε, δ), then
Eρ,µ(z) = ρe
zρzρ(1−µ) +
ρ
2πi
∫
γ(ε,δ)
eu
ρ
uρ(1−µ)
u− z
du.
Let ρ = 1/2 and ℜµ > 0. Then for any ε > 0 the following representations are true: if z ∈ G(−)(ε, π),
then
E1/2,µ(z) =
1
4πi
∫
γ(ε,π)
eu
1/2
u
1
2 (1−µ)
u− z
du;
If z ∈ G(+)(ε, π), then
E1/2,µ(z) =
1
2
ez
1/2
z
1
2 (1−µ) +
1
4πi
∫
γ(ε,π)
eu
1/2
u
1
2 (1−µ)
u− z
du
Here the contour of integration γ(ε, δ) runs not in the direction of decrease arg u and is comprised of
the ray S1 = {u : argu = −δ, |u| > ε}, arc of circle Cε = {u : −δ 6 argu 6 δ, |u| = ε} and the ray
S2 = {u : argu = δ, |u| > ε} (fig. 4). The contour γ(ε, δ) divides the plane u into two infinite components:
domains G(−)(ε, δ) and G(+)(ε, δ), lying to the left and to the right of the contour γ(ε, δ) correspondingly.
Let us consider why this lemma is incorrect. The proof starts with studying the case z ∈ G(−)(ε, δ).
Taking into account the value arbitrariness of the radius ε of the arc of circle Cε, its value is chosen so that
ε > |z|. As a result, the following condition is true:
sup
u∈γ(ε,δ)
∣∣zu−1∣∣ < 1. (16)
6
After that, taking into account this condition and using the gamma function integral representation to
calculate the arising sum, the geometrical progression is used
∞∑
k=0
( z
u
)k
= lim
n→∞
n∑
k=0
( z
u
)k
= lim
n→∞
1−
(
z
u
)n
1− zu
=
1
1− zu
As a result, the following representation is obtained.
Eρ,µ(z) =
ρ
2πi
∫
γ(ε,δ)
eu
ρ
uρ(µ−1)
u− z
du
Then, the following case z ∈ G(+)(ε, δ) is considered. The author writes: ¡¡Let us consider, that the
point z lies to the right of the contour γ(ε, δ), i.e. z ∈ G(+)(ε, δ).1¿¿ Unfortunately, the author does not
notice that because of the condition (16) this case will never be true. Indeed, as ε > |z|, then the contour
γ(ε, δ) for any z will always pass to the right of the point z. In fig. 5 the true position of the contour is
shown with the dashed curve. Therefore, the case z ∈ G(−)(ε, δ) will always be true for any z. So the case
z ∈ G(+)(ε, δ), studied in the Lemma, is incorrect. A similar situation takes place in case ρ = 1/2. It should
be noted, however, that it is the case z ∈ G(+)(ε, δ), that is incorrect in the lemma 1. Results, concerning
the case z ∈ G(−)(ε, δ), will be true.
It should be noted, that proving the theorem 1 we used the corollary 1, showing that the gamma
function contour of integration can be rotated. As a result of using this property, the contour of integration
in the representation (3) is connected with the value of arg z. This relation was set with the equation (11)
positioning the contour of integration according to the value of arg z (see fig. 3). The fact that the contour
of integration is related to the value of arg z is the development of the representation (3) in comparison
with existing versions. For example, in the Lemma 1 the contour of integration γ(ε, δ) is related to the
number z and only in terms of |z|, but arg z did not influence the contour orientation. It is relevant also
for the integral representation given in the book [11] (see. paragraph 18.1 formula (3)). In addition to the
orientation the contour of integration is also related to the value of |z| by the ratio (15). This ratio shows
that the arc of circle |ζ| radius in the contour γζ , defined by (4), should always be greater than unity. If
|ζ| 6 1, then in this case the condition (7) is violated, which results in the divergence of the sum in (6).
3. Conclusion
The Mittag-Leffler function is of great importance for the theory of fractional integral and fractional
differential equations. In its nature, this function is a proper function of certain operators of fractional
integration and fractional differentiation. Therefore the solution of these equations should be expressed
in terms of the Mittag-Leffler function. Despite the importance of this function, the existing integral
representation of this function obtained in the paper [12] proved to be incorrect. Taking into account
that integral representation is important in terms of calculating the value of the function and in terms of
the analysis of asymptotic behavior of the function, obtaining the correct integral representation of the
Mittag-Leffler function is an essential task.
The integral representation for the two-parameter Mittag-Leffler function is obtained in this article. It
expresses the value of the function Eρ,µ(z) in terms of the loop integral. The obtained integral representation
is true not for all values of the argument of the function z, but only for those satisfying the condition (2).
Carefully examining this condition we can see that the admitted range for the values of arg z is within
the interval π/2 < arg z < 3π/2. However, this is an artificial constraint. It was introduced (see (9)) for
convenience. Using the corollary 1 we can extend the admitted range of arg z for the entire complex plane.
Besides, the obtained integral representation lets us define specific points of the integrand and also define
parameters for analytically calculating the loop integral. Subsequently, it will be possible to proceed from
1See [12], p. 128 the first paragraph from the bottom.
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the complex plane t = reiϕ. Values ϕ
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Figure A.8: Auxiliary contour C2 in
the complex plane t = reiϕ. Values ϕ
change in the range from 0 to −2pi.
the complex variable integration to the real variable integration for calculating the value of the Mittag-
Leffler function in representation (3). This will make it possible to express the loop integral as the sum of
the definite and improper integrals and calculate these integrals using the methods of numerical integration.
However, all these require additional research which goes beyond this study.
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AppendixA. Integral representation of the Gamma-Function
Let us consider a useful representation of the gamma function which is used in this article. We express
this representation as the following lemma:
Lemma 2. For any real-valued δ1, δ2, ψ, such that π/2 < δ1 6 π, π/2 < δ2 6 π,
π/2− δ2 < ψ < −π/2 + δ1 (A.1)
of any ε > 0 and any s ∈ C the following representation of the gamma function is true
1
Γ(s)
=
1
2πi
∫
γ(δ1,δ2,ψ)
ett−sdt, (A.2)
where the contour γ(δ1, δ2, ψ) has the form (see fig. A.6)
γ(δ1, δ2, ψ) =


S1 = {t : arg t = −δ1 + ψ, |t| > ε},
Cε = {t : −δ1 + ψ 6 arg t 6 δ2 + ψ, |t| = ε},
S2 = {t : arg t = δ2 + ψ, |t| > ε}.
The proof of this lemma is done on the ground of considering the three auxiliary integrals.
I1 =
∫
C1
etts−1dt, I2 =
∫
C2
etts−1dt, I(s) =
∫
γ(δ1,δ2,ψ)
etts−1dt,
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where the contours C1 and C2 are comprised of the segments Γ
′
1 and Γ
′′
1 , arcs of circles CR and C
′′
R radius
R, segments Γ′2 and Γ
′′
2 and arcs of circles Cε and C
′′
ε radius ε (fig. A.7 and A.8). In the complex plane t
these contours are defined as follows
C1 =


Γ′1 = {t : arg t = δ2 + ψ, ε 6 |t| 6 R},
CR = {t : δ2 + ψ 6 arg t 6 π, |t| = R},
Γ′2 = {t : arg t = π, ε 6 |t| 6 R},
Cε = {t : δ2 + ψ 6 arg t 6 π, |t| = ε}.
and C2 =


Γ′′1 = {t : arg t = −δ1 + ψ, ε 6 |t| 6 R},
C′′ε = {t : −δ1 + ψ 6 arg t 6 −π, |t| = ε},
Γ′′2 = {t : arg t = −π, ε 6 |t| 6 R},
C′′R = {t : δ2 + ψ 6 arg t 6 π, |t| = R}.
where π/2 < δ2 + ψ < 3π/2, −3π/2 < −δ1 + ψ < −π/2. Analysing the behavior of these auxiliary integrals
at R→∞ and ε→ 0 we can show that
lim
ε→0,R→∞
(I1 + I2) = lim
ε→0
I(s) + Γ(s)
(
e−iπs − eiπs
)
.
As far as the contours C1 and C2 represent closed loops, while subintegral functions of the integrals I1 and
I2 are analytical functions inside the domains enclosed by the contours C1 and C2, then I1 = 0 and I2 = 0
according to the Cauchy theorem. Therefore, it follows that
I(s) =
2πi
Γ(1− s)
,
where the property Γ(s)Γ(1 − s) = πsin(πs) is used. Substituting in this formula 1− s→ s we obtain (A.2).
Corollary 1. For any s, λ ∈ C, where λ 6= 0, any real-valued δ1, δ2, ψλ, such that π/2 < δ1 6 π, π/2 <
δ2 6 π,
π/2− δ2 − argλ < ψλ < −π/2 + δ1 − argλ (A.3)
And any ε > 0 the following representation for the gamma function is true
1
Γ(s)
=
λ1−s
2πi
∫
γλ(δ1,δ2,ψλ)
eλτ τ−sdτ, (A.4)
Where the contour γλ(δ1, δ2, ψλ) takes the form
γλ(δ1, δ2, ψλ) =


S1 = {τ : arg τ = −δ1 + ψλ, |τ | > ε/|λ|},
Cε = {τ : −δ1 + ψλ 6 arg τ 6 δ2 + ψλ, |τ | = ε/|λ|},
S2 = {τ : arg τ = δ2 + ψλ, |t| > ε/|λ|}.
(A.5)
Proof of the lemm. Let us substitute the variable of integration t = λτ in (A.2) where λ ∈ C we obtain
1
Γ(s)
=
λ1−s
2πi
∫
γλ(δ1,δ2,ψλ)
eλτ τ−sdτ,
Consider now the way the contour of integration γ(δ1, δ2, ψ) is transformed. It follows from the substitution
t = λτ that
τ =
t
λ
=
|t|
|λ|
exp{i(arg t− argλ)} ⇒ |τ | =
|t|
|λ|
, arg τ = arg t− argλ
Therefore the ray S1 of the contour γ(δ1, δ2, ψ) is mapped into the ray S
λ
1 = {τ : arg τ = −δ1+ψ−argλ, |τ | >
ε/|λ|}, the arc of circle Cε is mapped into the arc of circle C
λ
ε {τ : δ1+ψ−argλ 6 arg τ 6 δ2+ψ−argλ, |τ | =
ε/|λ|}, the ray S2 is mapped into the ray S
λ
2 = {τ : arg τ = δ2 + ψ − argλ, |τ | > ε/|λ|}. Condition (A.1)
takes the form
π/2− δ2 − argλ < ψ − argλ < −π/2 + δ1 − argλ.
Introducing the formula ψλ = ψ − argλ we obtain that the contour γ(δ1, δ2, ψ) is mapped into the contour
γλ(δ1, δ2, ψλ) =


S1 = {τ : arg τ = −δ1 + ψλ, |t| > ε/|λ|},
Cε = {τ : −δ1 + ψλ 6 arg τ 6 δ2 + ψλ, |τ | = ε/|λ|},
S2 = {τ : arg t = δ2 + ψλ, |t| > ε/|λ|}.
where π/2− δ2 − argλ < ψλ < −π/2 + δ1 − argλ.
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